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1. INTRODUCTION
Consider the Duffing equation
u q g u s p t , 1.1Ž . Ž . Ž .È
Ž . Ž . Ž . Ž . Ž .where g u , p t g C R, R and p t is 2p-periodic. When g u satisfies
condition
g u g uŽ . Ž .
Ug 0 - g# s lim inf F lim sup s g - ‘, 1.2Ž . Ž .0 u u< <u “‘ < <u “‘
Ž .Eq. 1.1 is called a semilinear Duffing equation. We know that the
Ž .multiplicity of periodic solutions of semilinear equation 1.1 has a tight
w xrelation with its time mapping. In 1 , T. Ding studied the multiplicity of
Ž .periodic solutions for Eq. 1.1 under the following conditions:
Ž . Ž . 1Ž .g g u g C R, R , and there exists a positive constant K such1 0
that
Xg u F K , u g R .Ž . 0
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Ž .g There exist two constants A ) 0 and M ) 0 such that2 0 0
g uŽ .
< <G A , u G M .0 0u
Ž .H There exist a constant s ) 0, an integer n ) 0, and two0
 4  4 Ž .sequences a and b k g N , such that a “ ‘ and b “ ‘ as k “ ‘;k k k k
and moreover,
2p 2p
t a - y s , t b ) q s ,Ž . Ž .k kn n
Ž . Ž . Ž Ž .where t e denotes the least positive period of the solution u t u 0 s 0,
eŽ . Ž . Ž . . Ž .'u 0 s 2G e , G e s H g s ds for the equation u q g u s 0.Ž .Ç È0
w xBy using a generalized form of the Poincare]Birkhoff twist theorem 2 , T.Â
Ž .Ding proved that Eq. 1.1 has infinitely many 2p-periodic solutions. From
then on, there have appeared many works around the results of T. Ding
Ž w x. w xsee 3]6 . Hao Dunyuan and Ma Shiwang 6 generalized the condition
Ž .H to the following condition:0
2p't lim inf e t e y s y‘,Ž . Ž .1 ž /ne“‘
2p'lim sup e t e y s ‘, n g N.Ž .ž /ne“‘
Ž .They also obtained the multiplicity of periodic solutions of Eq. 1.1 under
Ž . Ž . Ž .conditions g , g , and t . It is well known that resonance phenomena1 2 1
Ž .may happen, provided that t e satisfies
2p
t lim t e s , n g N.Ž . Ž .0 ne“‘
For example,
u q n2 u q arctan u s 6 cos nt .È
Ž .The result of Hao Dunyuan and Ma Shiwang shows that even if t holds,0
Ž .Eq. 1.1 still possesses infinitely many 2p-periodic solutions, provided that
Ž . w xcondition t holds. But they did not give an example in 6 . A natural1
Ž . Ž .question is whether the same result holds if g u satisfies g instead of0
Ž . Ž . Ž . Ž . Ž .g , g and the time-mapping t e satisfies t and t . In the present1 2 0 1
paper, we study the problem and obtain the following theorem.
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Ž . Ž . Ž . Ž .THEOREM. Assume g , t , and t hold. Then Eq. 1.1 possesses0 0 1
 Ž .4infinitely many 2p-periodic solutions u t that satisfyk
lim min u2 t q u2 t s ‘.Ž . Ž .ÇŽ .k kž /
k“‘ w xtg 0, 2p
In Section 3, we construct an example for application of our theorem.
This example also shows that this theorem is not contained in any
previously quoted articles.
2. PRELIMINARY LEMMAS
Ž .Throughout this section, we assume that the solution of Eq. 1.1
satisfying the initial value problem is unique. At first, we consider the
auxiliary autonomous equation
u q g u s 0 2.1Ž . Ž .È
or its equivalent system,
u s ¤ , ¤ s yg u . 2.2Ž . Ž .Ç Ç
Ž .The orbits G of the autonomous system 2.2 are curves determined by thee
equation
1 2¤ q G u s G e , 2.3Ž . Ž . Ž .2
where e is an arbitrary constant. Then, we can easily prove the following
lemma.
Ž .LEMMA 2.1. If g holds, then there is a constant e ) 0 such that, for0 0
each e ) e , G is a closed cur¤e that is star-shaped with respect to the ori-0 e
gin O.
Ž .It follows from Lemma 2.1 that each curve G e G e intersects the ue 0
Ž Ž . . Ž . Ž .axis at two points d e , 0 and e, 0 , where d e - 0 is uniquely deter-
mined by the formula
G d e s G e .Ž . Ž .Ž .
Ž Ž . Ž .. Ž . Ž .Let u t , ¤ t be any solution of 2.2 whose orbit is G e G e . Clearly,e 0
Ž .this solution is periodic. Let t e denote the least positive period of this
Ž . Ž .solution. It follows from 2.2 and 2.3 that
e ds't e s 2 .Ž . H
Ž . 'G e y G sd e Ž . Ž .
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Set
e ds ds0q y' 't e s 2 , t e s 2 .Ž . Ž .H H
Ž .' 'G e y G s G e y G s0 d eŽ . Ž . Ž . Ž .
Ž . qŽ . yŽ .By the definition, it follows that t e , t e , and t e are continuous for
e G e .0
Ž .LEMMA 2.2. Assume that g holds and M is a gi¤en positi¤e constant.0
Then
y ds 1
s O , e “ ‘H ž /'e'G e y G su Ž . Ž .
uniformly for u, y satisfying 0 F y y M F u F y F e.
Proof. We carry out the proof in two steps.
1Ž .1 If y G e, then, for u F s F y,2
e
G e y G s s g u du G min g j e y sŽ . Ž . Ž . Ž . Ž .H sF j F e
s
G min g j e y sŽ . Ž .uF j F e
1G min g j e y s G min g j e y sŽ . Ž . Ž . Ž .yyM F j F e eyMFjFe2
s m e e y s ,Ž . Ž .
1Ž .  Ž . 4where m e s min g j : e y M F j F e . Obviously, there exist positive2
constants k, K such that
m eŽ .
0 - k F F K - ‘, e c 1.
e
Therefore,
y y yds ds 1 ds
0 F F s .H H H 'e y s' ' 'G e y G s m e e y s m eu u uŽ . Ž . Ž . Ž . Ž .
Since
y y eds ds ds 'F F s 2 M ,H H H' ' 'e y s e y s e y su yyM eyM
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we have
y ds 1
s O .H ž /'e'G e y G su Ž . Ž .
1uniformly for u, y satisfying e y M F y y M F u F y F e.2
1Ž .2 If y F e, then, for u F s F y,2
1G e y G s G G e y G e ,Ž . Ž . Ž . Ž .2
Hence,
y yds ds
0 F FH H'G e y G s 'u u G e y G 1r2 eŽ . Ž . Ž . Ž .Ž .
M
F .'G e y G 1r2 eŽ . Ž .Ž .
Furthermore, we have
y ds 1
s OH ž /'e'G e y G su Ž . Ž .
euniformly for u, y satisfying y y M F u F y F .2
It follows from steps 1 and 2 that we have
y ds 1
s O , e “ ‘H ž /'e'G e y G su Ž . Ž .
uniformly for u, y satisfying 0 F y y M F u F y F e.
Ž .LEMMA 2.3. Assume that g holds and h: R ‹ R is a bounded0
Ä uŽ . Ž . Ž . Ž . Ž .continuous function. Let g u s g u q h u and G u s H g s ds qÄ 0
u Ž .H h s ds. Then0
e eds ds 1
y s O , e “ ‘.H H ž /'e'G e y G s0 0 Ž . Ž .Ä Ä'G e y G sŽ . Ž .
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< Ž . <Proof. Take a positive constant M such that h u F M. Then for e
large enough, we have
e eds ds
y F I q I ,H H 1 2'G e y G s0 0 Ž . Ž .Ä Ä'G e y G sŽ . Ž .
where
ds dsey e ey e' '
I s y ,H H1 'G e y G s0 0 Ž . Ž .Ä Ä'G e y G sŽ . Ž .
e eds ds
I s y .H H2 'G e y G sey e ey e Ž . Ž .Ä Ä' ''G e y G sŽ . Ž .
Since
' 'G e y G s G G e y G e y e s g j e ,Ž . Ž . Ž . Ž .Ž .
' 's g 0, e y e , j g e y e , e ,Ž . Ž .
with e large enough, we have that there exists c ) 0 such that
Meey e'
I F dsH1
0 Ä Ä'G e y G s G e y G sŽ . Ž . Ž . Ž .Ž .
c ds 1ey e'F s O .H ž /' 'e e0 Ä Ä'G e y G sŽ . Ž .
On the other hand,
Ä ÄG e y G s s G e y G s q H e y H sŽ . Ž . Ž . Ž . Ž . Ž .
s g h e y s q h h e y s ,Ž . Ž . Ž . Ž .1 2
' 'Ž . Ž .where s g e y e , e , h g e y e , e , i s 1, 2. We obtain that therei
exist l ) 0 and y ) 0 such that
el 1 1 1
I F y ds s O , e “ ‘.H2 ž /ž /' ' ''y q e y se e y s eey e'
ZAIHONG WANG172
Therefore,
e eds ds 1
y s O , e “ ‘.H H ž /'e'G e y G s0 0 Ž . Ž .Ä Ä'G e y G sŽ . Ž .
We have a similar estimate for e “ y‘.
Ž .LEMMA 2.4. Assume that g holds and M is a gi¤en positi¤e constant. If0
< <A y B F M, then
1
t A y t B s O , A “ ‘.Ž . Ž . ž /'A
qŽ .Proof. At first, we prove the claim for t ? . Assume A F B. Obviously,
for A large enough, we have
q qt A y t B F I q I q I ,Ž . Ž . 1 2 3
where
1 1'Ay A'I s 2 y ds,H1 ž /' 'G A y G s G B y G s0 Ž . Ž . Ž . Ž .
1 1A'I s 2 y ds,H2 ž /' ' 'G A y G s G B y G sAy A Ž . Ž . Ž . Ž .
1B'I s 2 ds.H3 'G B y G sA Ž . Ž .
Since
' 'G A y G s G G A y G A y A s g j A ,Ž . Ž . Ž . Ž .Ž . A
' 's g 0, A y A , j g A y A , A ,Ž . Ž .A
for e large enough, and
G B y G A s g j B y A , j g A , BŽ . Ž . Ž . Ž . Ž .B B
' ' 'G B y G s q G A y G s G A y G sŽ . Ž . Ž . Ž . Ž . Ž .ž /
G G A y G s ,Ž . Ž .
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we have that
G B y G AŽ . Ž .'Ay A'I s 2 dsH1
0 ' 'G A y G s q G B y G sŽ . Ž . Ž . Ž .ž / 0' '? G A y G s G B y G sŽ . Ž . Ž . Ž .
'2 Mg jŽ .B'Ay AF ds.H'A 'g j G B y G s0 Ž . Ž . Ž .A
Therefore, there exists a constant c ) 0 such that, for A large enough,0
'2 c ds 10 'Ay AI F s O .H1 ž /' 'A A'G B y G s0 Ž . Ž .
On the other hand, we have
1 1A'I s 2 y dsH2 ž /' ' 'G A y G s G B y G sAy A Ž . Ž . Ž . Ž .
1A's 2H ž' g h A y sAy A ' Ž . Ž .A
1
y ds,/g h B y A q g h A y s' Ž . Ž . Ž . Ž .B A
where
'h g A y A , A , h g A , B .Ž .Ž .A B
Hence, there exist two constants c0 ) 0 and C ) 0 such that, for A large
enough,
0'2 c 1 1 1A
I F y ds s O .H2 ž / ž /' ' ' 'A A y s C q A y s A'Ay A
It follows from Lemma 2.2 that
1
I s O .3 ž /'A
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Consequently,
1
q qt A y t B s O .Ž . Ž . ž /'A
Similarly, we have
1
y yt A y t B s O .Ž . Ž . ž /'A
Therefore,
1
t A y t B s O , A “ ‘.Ž . Ž . ž /'A
Ž .Now we perform some phase-plane analysis for Eq. 1.1 . First of all, we
Ž .write Eq. 1.1 as the equivalent system
u s y¤ , ¤ s yg u q p t . 2.4Ž . Ž . Ž .Ç Ç
Ž Ž . Ž .. Ž .Let u t, u , ¤ , ¤ t, u , ¤ be the solution of 2.4 through the initial0 0 0 0
Ž . Ž . Ž Ž . Ž ..point u , ¤ . From g we know that u t, u , ¤ , ¤ t, u , ¤ is well0 0 0 0 0 0 0
defined on the whole real line. Define Poincare mapping P: R2 ‹ R2 asÂ
follows:
P : u , ¤ ‹ u 2p , u , ¤ , ¤ 2p , u , ¤ .Ž . Ž . Ž .Ž .0 0 0 0 0 0
It is well known that the mapping P is an area-preserving homeomor-
phism.
ŽTake the transformation u s r cos u , ¤ s r sin u u s r cos u , ¤ s0 0 0 0
.r sin u . Then we have0 0
r s r sin u cos u y g r cos u sin u q p t sin u ,Ž . Ž .Ç
2.5Ž .1
2Çu s ysin u y g r cos u y p t cos u .Ž . Ž .Ž .
r
Ž Ž . Ž .. Ž .Let r t, r , u , u t, r , u be the solution of 2.5 satisfying the initial0 0 0 0
value condition:
r 0, r , u , u 0, r , u s r , u .Ž . Ž . Ž .Ž .0 0 0 0 0 0
Then, Poincare mapping P can be written in the polar coordinate form:Â
P : r , u ‹ r 2p , r , u , u 2p , r , u .Ž . Ž . Ž .Ž .0 0 0 0 0 0
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Set
2'y t s ¤ t q 2G u t .Ž . Ž . Ž .Ž .
Ž .LEMMA 2.5. Under condition g , we ha¤e0
ÇŽ . Ž .1 ;T ) 0, ’R ) 0 such that for r G R , u t, r , u - 0, ; t g0 0 0 0 0
w x0, T .
Ž . < Ž . Ž . <2 ;T ) 0, ’R ) 0, E ) 0 such that for r ) R , y s y y t F E,1 0 1
w x;s, t g 0, T .
Ž .Proof. 1 The proof is easy. We omit it here.
Ž . Ž .2 Without loss of generality, we assume ug u ) 0. From
lim ¤ 2 q G u s ‘Ž .Ž .
2 2u q¤ “‘
2 2'we know that there exists R ) 0 such that if r s u q ¤ G R , then1 0 0 0 1
2Ž . Ž Ž .. w x¤ t q G u t G 1, ; t g 0, T . Therefore,
¤ t ¤ t q g u t u t ¤ t p tŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ç Ç
y t s s F p t .Ž . Ž .Ç
y t y tŽ . Ž .
T < Ž . < < Ž . Ž . < w xTaking E s H p t dt yields y s y y t F E, ;s, t g 0, T .0
Ž . Ž .LEMMA 2.6. Assume that g and t hold. Then0 0
1
t e y T s O , e “ ‘.Ž . ž /'e
Ž .where T is the required time for the solution L of system 2.4 to complete one
turn around the origin O, and the initial point of L lies on cur¤e G :e
1 2 Ž . Ž .¤ q G u s G e .2
w x Ž .Proof. The proof follows the arguments in 7 . By Lemma 2.5 1 we
ÇŽ .have that there exists R ) 0 such that for r G R , u t, r , u - 0,0 0 0 0 0
4pw x Ž .; t g 0, . From Lemma 2.5 2 we know that there exist R ) 0, E ) 01n
such that for r G R ,0 1
4p
y s y y t F E, ;s, t g 0, .Ž . Ž .
n
Ž Ž . Ž ..Since u 0 , ¤ 0 g G , we havee
2' 'y 0 s ¤ 0 q 2G u 0 s 2G e .Ž . Ž . Ž . Ž .Ž .
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Hence,
4p' '2G e y E F y t F 2G e q E, ; t g 0, ,Ž . Ž . Ž .
n
4p' '2G d e y E F y t F 2G d e q E, ; t g 0, ,Ž . Ž . Ž .Ž . Ž .
n
Ž . Ž . Ž .From g and d e “ y‘ e “ ‘ we know that there exists a constant0
Ž .R G max R , R such that for e G R , there exist unique constants2 0 1 2
Ž . Ž . Ž . Ž . Ž .A s A e - B s B e , D s D e - C s C e such that C s d A , D s
Ž .d B and
' ' '2G A s 2G e y 2 E s 2G C ,Ž . Ž . Ž .
' ' '2G B s 2G e q 2 E s 2G D .Ž . Ž . Ž .
Hence
4p' '2G C - y t - 2G D , ; t g 0, ,Ž . Ž . Ž .
n
4p' '2G A - y t - 2G B , ; t g 0, .Ž . Ž . Ž .
n
1 12 2Ž . Ž . Ž .Denote by G , G the closed curves ¤ q G u s G A , ¤ q G u sA B 2 2
4pŽ . w xG B , respectively. Then, L lies between G and G for t g 0, . Now,A B n
we carry out proof in two steps.
4pŽ . Ž .'1 Assume that L starts from 0, G e and T F . Define fieldsŽ . n
D , D , D , D as follows:1 2 3 4
D s u , ¤ g R2 ; u ) 0, ¤ ) 0 , D s u , ¤ g R2 ; u ) 0, ¤ - 0 , 4  4Ž . Ž .1 2
D s u , ¤ g R2 ; u - 0, ¤ - 0 , D s u , ¤ g R2 ; u - 0, ¤ ) 0 . 4  4Ž . Ž .3 4
Ž .By Lemma 2.5 1 we know that L moves following the cyclic rule as t
increases:
D “ D “ D “ D “ D .1 2 3 4 1
Therefore, there exist 0 s t - t - t - t - t such that0 1 2 2 4
u t , ¤ t g D , t - t - t , i s 1, 2, 3, 4,Ž . Ž .Ž . i iy1 i
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and
u t s 0, ¤ t ) 0; u t ) 0, ¤ t s 0;Ž . Ž . Ž . Ž .0 0 1 1
u t s 0, ¤ t - 0; u t - 0, ¤ t s 0;Ž . Ž . Ž . Ž .2 2 3 3
u t s 0, ¤ t ) 0.Ž . Ž .4 4
We shall estimate the time for L to pass fields D , D , D , D , respec-1 2 3 4
tively. At first, we deal with the field D .1
Ž . Ž . wTake a such that t - a - t , u a s A. Then, 0 F u t F A, t g t ,0 1 0
x Ž . Ž . w x Ž . Ž .a ; A F u t F u t , t g a , t . Since u t s ¤ t s 0, we haveÇ1 1 1 1
t t w xu t s u t y u t s y g u s ds q p s ds, t g a , t .Ž . Ž . Ž . Ž . Ž .Ž .Ç Ç Ç H H1 1
t t1 1
Ž .  Ž . 4Set d A s inf g u : u G A . Obviously, there exists a positive constant c
such that
d AŽ .
G c ) 0, A c 1.
A
t t1 1u t G d A ds y p s ds G t y t d A y C , 2.6Ž . Ž . Ž . Ž . Ž . Ž .Ç H H 1 1
t t
4p r n < Ž . < Ž .where C s H p s ds. From 2.6 we have that1 0
4C pt t 11 1u s ds G t y s d A ds y .Ž . Ž . Ž .ÇH H 1 na a
Therefore,
1 4C p12u t y u a G t y a d A y .Ž . Ž . Ž . Ž .1 12 n
Furthermore,
1 4C p12B y A G t y a d A y . 2.7Ž . Ž . Ž .12 n
Since
' ' ' '2G B y 2G A s 4E, 2G D y 2G C s 4E,Ž . Ž . Ž . Ž .
Ž .it follows from g that there exists a positive constant M ) 0 such that0
< < < <B y A F M , D y C F M .
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Ž .By 2.7 we have
2nM q 8C p12t y a F .Ž .1 nd AŽ .
'Ž .Ž . ŽHence, t y a s O 1r A A “ ‘ . This implies that t y a s O 1r1 1' .Ž .e e “ ‘ .
w x Ž .' 'If t g t , a , then from inequality 2G A - y t - 2G B weŽ . Ž .0
have
' '2 G A y G u t - u t - 2 G B y G u t .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ç
Furthermore,
u t u tŽ . Ž .Ç Ç
- 1 - . 2.8Ž .' '2 G B y G u t 2 G A y G u tŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
Ž . w xIntegrating 2.8 on interval t , a yields0
ds dsA A
- a y t - ,H H0' '0 02 G B y G s 2 G A y G sŽ . Ž . Ž . Ž .Ž . Ž .
'Ž .which, together with t y a s O 1r e , leads to1
ds 1A
y OH ž /'e'0 2 G B y G sŽ . Ž .Ž .
ds 1A
- t y t - q O .H1 0 ž /'e'0 2 G A y G sŽ . Ž .Ž .
From Lemma 2.4 we have that
ds 1B
y OH ž /'e'0 2 G B y G sŽ . Ž .Ž .
ds 1A
- t y t - q O .H1 0 ž /'e'0 2 G A y G sŽ . Ž .Ž .
That is,
1 1 1 1
q qt B y O - t y t - t A q O . 2.9Ž . Ž . Ž .1 0ž / ž /' '2 2e e
SEMILINEAR DUFFING'S EQUATION AT RESONANCE 179
Similarly, we can obtain
1 1 1 1
q qt B y O - t y t - t A q O . 2.10Ž . Ž . Ž .2 1ž / ž /' '2 2e e
1 1 1 1
y yt B y O - t y t - t A q O . 2.11Ž . Ž . Ž .3 2ž / ž /' '2 2e e
1 1 1 1
y yt B y O - t y t - t A q O . 2.12Ž . Ž . Ž .4 3ž / ž /' '2 2e e
Ž . Ž .It follows from 2.9 ] 2.12 that
1 1
q y q yt B q t B y O - t y t - t A q t A q O .Ž . Ž . Ž . Ž .4 0ž / ž /' 'e e
Hence,
1 1
t B y O - T - t A q O .Ž . Ž .ž / ž /' 'e e
From Lemma 2.4 we have that
1 1
t e y O - T - t e q O .Ž . Ž .ž / ž /' 'e e
4pThis inequality also shows that, for e large enough, T F . Therefore, then
Ž .'conclusion holds when L starts from point 0, 2G e .Ž .
Ž . Ž . Ž .2 For u , ¤ g G u / 0 . We only need to estimate the time D t0 0 e 0
Ž .for L to pass the following field F in the case u , ¤ g D :0 0 1
¤ 102 2F s u , ¤ g R : 0 F ¤ F u , 0 F u F u , ¤ q G u G G AŽ . Ž . Ž .0½ 5u 20
¤ 102 2j u , ¤ g R : ¤ G u , u G u , ¤ q G u F G B .Ž . Ž . Ž .0½ 5u 20
We carry our proof in two steps.
1Ž . Ž . Ž . Ž .i Assume G u G G e . Let ¤ s ¤ ru u intersect u s u ,0 0 0 02
Ž . Ž . Ž .G , G at points u , ¤ , u , ¤ , u , ¤ , respectively. ThenA B 0 0 y y q q
1 12 2G u s G A y ¤ ) G A y ¤ s G A q G u y G e .Ž . Ž . Ž . Ž . Ž . Ž .y y 0 02 2
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Therefore,
1G u G G A y G e .Ž . Ž . Ž .y 2
On the other hand,
' ' ' '2G A s 2G e y 2 E, 2G B s 2G e q 2 E. 2.13Ž . Ž . Ž . Ž . Ž .
Ž .It follows from 2.13 that
2'G A s G e y 2 E 2G e q 2 E ,Ž . Ž . Ž .
'G B y G A s 4E 2G e .Ž . Ž . Ž .
Hence,
1 2'G u G G e y 2 E 2G e q 2 E . 2.14Ž . Ž . Ž . Ž .y 2
Since
1 12 2¤ q G u s G A , ¤ q G u s G B ,Ž . Ž . Ž . Ž .y y q q2 2
we have
G u y G u F G B y G A .Ž . Ž . Ž . Ž .q y
Furthermore,
'G u y G u F 4E 2G e , 2.15Ž . Ž . Ž . Ž .q y
Since
2 G u y G uŽ . Ž .Ž .q y
2G u y 2G u s' 'Ž . Ž .q y 2G u q 2G u' 'Ž . Ž .q y
G u y G uŽ . Ž .q yF ,
2G u' Ž .y
Ž . Ž .from 2.14 and 2.15 we know that
'4E 2G eŽ .
2G u y 2G u F , 2.16' 'Ž . Ž . Ž .q y 1r2 2'G e y 4E 2G e q 4EŽ . Ž .Ž .
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It is easy to check that
'4E 2G eŽ . 'lim s 4 2 E. 2.17Ž .
1r2 2e“‘ 'G e y 4E 2G e q 4EŽ . Ž .Ž .
Ž . Ž .From 2.16 and 2.17 we have that there exists a positive constant L such
< < Ž .that 2G u y 2G u - L. By g we know that there exists' 'Ž . Ž .q y 0
< <a ) 0 such that u y u F a.q y
Ž .If u F u t F u F A, theny q
'2 G A y G u t F u t .Ž . Ž . Ž .Ž .Ž . Ç
Therefore,
u dsq
D t F .H 'u 2 G A y G sŽ . Ž .Ž .y
'Ž .From Lemma 2.2 we have that D t s O 1r e , e “ ‘.
w x w xIf u F A, we divide interval u , u into two parts, u , A andq y q y
w xA, u . Denote by D and D the time needed for L to pass fieldsq 1 2
Ž . 2 4 Ž . 2 4u, ¤ g R : u F u F A, ¤ G 0 and u, ¤ g R : A F u F u , ¤ G 0 .y q'Ž .From a previous proof we know that D s O 1r e . Applying methods in1' 'Ž . Ž . Ž .1 we can prove that D s O 1r e . Therefore, D t s O 1r e , e “ ‘.2
1 2Ž . Ž . Ž . Ž .ii If G u F G e , then ¤ G G e .0 02
eu e 2 ds0 q'F F s 2 t e .Ž .H¤ ' 'G e G e y G s0Ž . Ž . Ž .0
On the other hand,
1 12 2¤ q G u s G A , ¤ q G u s G B .Ž . Ž . Ž . Ž .y y q q2 2
Hence,
1 12¤ G G A y G e , 2.18Ž . Ž . Ž .y2 2
2 2< < < < ''¤ y ¤ F ¤ y ¤ F 2 G B y G A . 2.19Ž . Ž . Ž .Ž .q y q y
Ž . Ž .From 2.18 and 2.19 we have
< < '¤ y ¤ 2 G B y G AŽ . Ž .Ž .q y F ,
¤ '2G A y G eŽ . Ž .y
1r2''2 G B y G A 8 E G e 1Ž . Ž . Ž .Ž . Ž .
s s O .
1r2 ž /'2 e'2G A y G eŽ . Ž . 'G e y 4E 2G e q 4EŽ . Ž .Ž .
2.20Ž .
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Since
< < < <u du t u y u ¤ y ¤ uŽ .q q y q y 0F F ?H ¤ t ¤ ¤ ¤Ž .u y y 0y
'2 G B y G AŽ . Ž .Ž . q'F ? 2 t e ,Ž .
2G A y G eŽ . Ž .
uq 'Ž . Ž . w Ž . Ž .x Ž .it follows from 2.20 and t that H du t r¤ t s O 1r e . There-0 uy'Ž .fore, D t s O 1r e .
Ž . Ž .LEMMA 2.7. Assume that g , t hold and T is the required time for L0 0 j
to make j turns around the origin, where L is gi¤en in Lemma 2.6. Then
1
T y jt e s O , e “ ‘.Ž .j ž /'e
Ž .Proof. It follows from Lemma 2.5 2 that there exists a positive
constant E such that
2 j q 1 pŽ .' '2G e y E F y t F 2G e q E, t g 0, .Ž . Ž . Ž .
n
Ž .From g we have that, for sufficiently large e, there exist unique0
Ž . Ž .constants A s A e , B s B e such that
' ' ' '2G A s 2G e y 2 E, 2G B s 2G e q 2 E.Ž . Ž . Ž . Ž .
Ž .Therefore, for 0 F t F 2 j q 1 prn, L lies between
1 2G : ¤ q G u s G AŽ . Ž .A 2
and
1 2G : ¤ q G u s G B .Ž . Ž .B 2
Applying Lemma 2.6 we can estimate one by one the required time for L
to make one turn around the origin. By Lemma 2.4 we know that
conclusion of this lemma holds.
Ž . Ž . Ž .LEMMA 2.8. Assume that g , t , and t hold. Then there exist two0 0 1
 4  4sequences a , b such that a - b , k g N andk k k k
u 2p , r , u y u - y2np , r cos u , r sin u g G ,Ž . Ž .0 0 0 0 0 0 0 ak
u 2p , r , u y u ) y2np , r cos u , r sin u g G .Ž . Ž .0 0 0 0 0 0 0 bk
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Ž .Proof. From g we know that there exist two positive constants R0 1
and A such that1
Ç w xu t , r , u F yA , r G R , t g 0, 2p .Ž .0 0 1 0 1
Ž .Write u 2p , r , u y u s y2 jp y h, where j G 0 is an integer, 0 F h -0 0 0
Ž .2p . Denote by t the time needed for u t to decrease from u y 2 jp toh 0
u y 2 jp y h. Obviously,0
2p s T q t F T ,j h Ž jq1.
where T is given in Lemma 2.7. By Lemma 2.7 we have that there exists aj
constant c ) 0 such thatŽ jq1.
cŽ jq1.
T y j q 1 t e F 2.21Ž . Ž . Ž .Ž jq1. 'e
Ž .with e large enough. From the first inequality of t there exists a1
 4sequence a such that a “ ‘, kr a “ 0, as k “ ‘ and' 'k k k
2p
a t a y F yk . 2.22Ž . Ž .' k kž /n
Ž . Ž .From 2.21 and 2.22 we have that, for k large enough, j G n.
If j G n q 1, then
u 2p , r , u y u s y2 n q 1 p - y2np . 2.23Ž . Ž . Ž .0 0 0
Now we assume j s n. Then for k large enough,
2p k c nk y cn n
t s 2p y T G 2p y n y y s ) 0.h n ž /n a a a' ' 'k k k
Therefore,
nk y c AŽ .Ž .nt a qt n 1k h Çyh s u t , r , u dt F y .Ž .H 0 0
Ž . a'nt ak k
Furthermore,
nk y c AŽ .n 1
u 2p , r , u y u - y2np y . 2.24Ž . Ž .0 0 0 a' k
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Ž . Ž .It follows from 2.23 and 2.24 that, for k large enough,
u 2p , r , u y u - y2np , r cos u , r sin u g G .Ž . Ž .0 0 0 0 0 0 0 ak
Similarly, we can prove that the second inequality of this lemma holds.
Proof of Theorem. From Lemma 2.8 we have
u r , u y u - y2np , r cos u , r sin u g G ,Ž . Ž .0 0 0 0 0 0 0 ak
u r , u y u ) y2np , r cos u , r sin u g G ,Ž . Ž .0 0 0 0 0 0 0 bk
with k large enough.
Thus we have proved that the area-preserving homeomorphism P is
Ž . 4twisting on the annulus A s u, ¤ g G : a F e F b . Moreover, wek e k k
also have that, for k sufficiently large,
O g P D ,Ž .k
where D ; R2 is a open bounded set with boundary G . Finally, byk ak
Ž .Lemma 2.1, G is star-shaped with respect to the origin O for k large , soak
that all of the assumptions of the generalized Poincare]Birkhoff fixed-pointÂ
theorem are fulfilled. Therefore, we have proved that, for each k large
enough, the mapping P has at least two fixed points in A . Thus we havek
 Ž .4‘obtained the existence of a sequence u t of periodic solutions of Eq.k ks1
Ž .1.1 , having minimal period 2p and such that
lim min u2 t q u2 t s ‘.Ž . Ž .ÇŽ .k kž /
k“‘ tgR
The proof of the theorem is thus completed.
3. AN EXAMPLE
EXAMPLE. Let g : R ‹ R be an odd function and n g N:
32 2r3 2r3n u q u sin ln u q u cos ln u q sin u y 1 , u G 1,Ž .
g u sŽ .
2½ n q 1 u , 0 F u - 1.Ž .
Ž . Ž .Obviously, g u is locally Lipschitzian and does not satisfy condition g .1
Ž . 2 w xIt is easy to check that lim g u ru s n . From 8 we know thatu“‘
2pŽ . Ž .lim t e s . To check t for g, from Lemma 2.3 we know that it ise“‘ 1n
Ž . Ž . 2sufficient to check condition t for an odd function g u s n u q1 0
u2r3 sin ln u q u2r3 cos ln u, u ) 0. By a direct calculation, we have
1 2 2 5r3G u s n u q u sin ln u , u ) 0.Ž .0 2
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Therefore,
e ds
t e s 4 .Ž . H0 2 2 2 5r3 5r30 'n e y s q 2 e sin ln e y s sin ln sŽ . Ž .
Set
P e, s s n2 e2 y s2 q 2 e5r3 sin ln e y s5r3 sin ln s ,Ž . Ž . Ž .
Q e, s s n2 e2 y s2 .Ž . Ž .
Then,
2p'e t e yŽ .0ž /n
e 1 1's 4 e y dsH ž /' 'P e, s Q e, s0 Ž . Ž .
e 5r3 5r3e sin ln e y s sin ln sŽ .'s y8 e ds.H
0 ' ' ' 'P e, s Q e, s P e, s q Q e, sŽ . Ž . Ž . Ž .ž /
 4Take a sequence e such that sin ln e s 1, ;k g N, and e “ ‘, ask k k
k “ ‘. Then we have
2p
e t e yŽ .' k 0 kž /n
F y8 e' k
e5r3 y s5r3 sin ln sŽ .e r2 Rk
= dsH
0 P e , s Q e , s P e , s q Q e , s' ' ' 'Ž . Ž . Ž . Ž .ž /k k k k
e13r6e r2 kkF y8c dsH0
0 P e , s Q e , s P e , s q Q e , s' ' ' 'Ž . Ž . Ž . Ž .ž /k k k k
e13r6e r2 kkF y4c ds,H0 P e , s Q e , s0 'Ž . Ž .k k
1 1r3Ž .where c s 1 y .0 32
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Furthermore, for k large enough,
1r62p ee r2 kk 2e t e y F y2c n dsŽ .' Hk 0 k 0ž / 2 2 2n 0 n e y s' Ž .k
2c e1r6 1 p c e1r6e r20 k 0 kks y ds s y .H3 32 2n 3n0 'e y sk
Hence,
2p
lim e t e y s y‘.Ž .' k 0 kž /nk“‘
Consequently,
2p'lim inf e t e y s y‘.Ž .0ž /ne“‘
Similarly, we can check that
2p'lim sup e t e y s ‘.Ž .0ž /ne“‘
Therefore,
2p 2p' 'lim inf e t e y s y‘, lim sup e t e y s ‘.Ž . Ž .ž / ž /n ne“‘ e“‘
Ž . Ž .It follows from the above theorem that u q g u s p t has infinitelyÈ
many 2p-periodic solutions.
To the best of our knowledge, no one of the previously known multiplic-
Ž .ity theorems can be applied for a nonlinearity like g u in the above
example.
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